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S T R U C T U R E  O F  E L A S T I C  D I S C O N T I N U I T I E S  

ON S H O C K  P R O F I L E S  I N  V I S C O E L A S T I C  

M E D I A  

N .  S. K o z i n  UDC 534.222.22 

Godunov and Kozin [1] have  inves t iga ted  the s t ruc tu re  of shock waves  in a v i s c o e l a s t i c  medium c h a r a c t e r -  
ized by a t a n g e n t i a l - s t r e s s  re laxat ion  t ime ~- and a spec ia l  type of e las t ic  energy  equation for  the medium.  
The p r e s e n t  author  [2] has  formula ted  inequal i ty- type  cons t ra in ts  for  the e las t i c  energy ,  which a r e  sufficient 
conditions for  the s h o c k - s t r u c t u r e  p r o b l e m  with a speci f icd  par t i c le  ve loc i ty  and a s t ruc tu re  of the fo rm in 
[1] to have a unique solution. The indicated shock s t ruc tu re  has the s ingular  a t t r ibute  that  for wave ve loc i t ies  
g r e a t e r  than the ve loc i ty  of sound the wave prof i le  su f fe r s  a discontinuity,  which co r r e sponds  to a jump- type  
va r i a t ion  in the e las t i c  constants  of  the medium.  Mathemat ica l  re la t ions  at the discontinui ty have been der ived 
in [1] f r o m  heu r i s t i c  cons idera t ions ,  and to just i fy the se lec ted  type of re la t ions  it is n e c e s s a r y  to formula te  
a sma l l  d i ss ipa t ion  m e c h a n i s m  that  would produce  shock " s m e a r i n g "  by an amount  of the o rde r  of the c h a r -  
a c t e r i s t i c  d iss ipa t ion  sca le .  The d iss ipa t ion  m e c h a n i s m  introduced in the p r e sen t  study is v i scous  fr ict ion 
with a sma l l  v i s c o s i t y  coefficient p ; i t  is shown tha t  under  the cons t ra in ts  imposed  in [2] on the equations of 
s ta te  pos i t ive  :~ co r r e sponds  to a unique continuous solution of the s h o c k - s t r u c t u r e  p rob lem.  It  is a lso  shown 
that  as  g tends to ze ro ,  the solution of the " s h o e k - z m e a r i n g "  p rob lem tends to the solution of the p r o b l e m  in 
[1, 2]. Inasmuch  as these  tendencies  a r e  nonuniform in the case of superson ic  shock types ,  the l imi t  solution 
contains a m a t h e m a t i c a l  discontinui ty sa t i s fy ing t h e  shock re la t ions  [1]. 

w C o n d i t i o n s  on  t h e  E l a s t i c  E n e r g y  E q u a t i o n  

Let  us consider  a homogeneous  i so t rop ic  med ium with in ternal  ene rgy  densi ty pe r  unit m a s s  given by 
the equation 

E = Z(~, f~ V, s ) ,  (1.1) 

in which E is  a s y m m e t r i c  function of the p a r a m e t e r s  a ,  fl, T,  which r e p r e s e n t  the loga r i thms  of the re la t ive  
elongations kl, k2, k 3 along the p r inc ipa l  s t r a in  axes ,  and S is the en t ropy densi ty  p e r  unit m a s s .  Following 
[2], we a s s u m e  that  e x p r e s s i o n  (1.1) s a t i s f i e s  the inequal i t ies  

OE ( OE OE ~ I: 
r = W  >0 ,  r =  -X~--7~:) I ,~- -~)>0;  (1.2) 

c2 a2E OE a~E aa 2 -~- > 0 ,  I = ~a~zas < 0 ;  (1.3) 

7~.-a~z o2E o"-E (oE OE) 0/.5~ " 
ocr o~ o~o~  "~ o:~ ~ 0; (1.4) 

(1.5) 
03E 02E --}-20E = + 2 [ O~E 02E ) 

q=--~-~--3--b-  ~ - ~ - < 0 ,  a ~ c 2 -5"t,Yff~'~ 0~ > 0 ,  

as  well  as the inequal i t ies  obtained f r o m  (1.2)-(1.5) by cycl ic  substi tut ion of indices.  

w 2.  O n e - D i m e n s i o n a l  E q u a t i o n s  

The s y s t e m  of d i f fe rent ia l  equations desc r ib ing  the motion of a v i scoe las t i c  med ium para l l e l  to the x 
axis  in space  (x, y, z) has  the fo rm 
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( 
op opu ~ = O, 
0-7 + ~ = O, + o~ ( [( ~ oo] 

op E +  0 pu E +--s  + pu ~ w,  - ~  

ot -{- Oz = O, 

[ ~ a + f i + v  

~ - ~ +  u = �9 , 

(2.1) 

where  x and t a r e  the spa t ia l  coordinates  and t ime ,  u is  the veloci ty in the x di rect ion,  and p ~ p%-~-~-v is the 
densi ty.  By the i so t rop ic i ty  of  the medium we have  f l = 7 .  The quanti ty p0 is  the densi ty  of  the med ium under  
s t andard  condit ions.  The  pr inc ipa l  s t r e s s e s  ~ x = - p ,  a y ,  ~ z  along the x, y, z, axes  a r e  re la ted  to the s t r a i n s  
by the e x p r e s s i o n s  

~ = 90E/O~z, % ~ pOE/O~, % = pOE/Oy. 

Equat ions  (2.1) di f fer  f r o m  the s y s t e m  of equations in [1, 2] by the  v i scous  fr ic t ion t e r m s  with sma l l  # > 0, which 
in t roduce  addi t ional  ene rgy  d iss ipa t ion  in the s y s t e m .  

We next  consider  the shock s t ruc tu re ,  i .e . ,  the exis tence  and uniqueness  of solut ions of the s y s t e m  (2.1) 
in the f o r m  

~z = a ( x  - U t ) ,  [~ = f i ( x  - -  U t )  = ~ ( z  - -  g t ) ,  8 = S ( x  - -  U t ) ,  ( 2 . 2 )  

such tha t  the solutions tend to constants  as  [x[--oo. In a shock f r a m e  moving with ve loc i ty  U re la t ive  to the 
l a b o r a t o r y  f r a m e ,  the s y s t e m  of equations (2.1) can be t r a n s f o r m e d  as follows for solutions of the fo rm (2.2): 

pu ~ poUo = w, 

E - - E  o + ( v - v o )  P o - - W  (V--Vo) = H ( p , v ) : 0 ,  (2.3) 

dv v~ d~ 
~- = p - po + w~ (v - vo) = G (p, v), 3--y ~ = ~ - -  ~, 

where  the coun te rpar t  in the second equation of the d iss ipat ion t e r m  in (2.1) is e l iminated by means  of the th i rd  
equation of(2.3) .  H e r e t h e  constants  U0, P0, v0, and E 0 spec i fy  the s ta te  of the subs tance  as  ~-~-oo ("preshock"  
state)  and w is the pa r t i c l e  veloci ty .  The p a r a m e t e r  ~ = ( x - U t ) / p w  and v = l / p .  The equi l ibr ium points of the 
s y s t e m  (2.3) a r e  given by the equations G(p, v) =H(p, v) = 0, a - f i =  0 and co r respond  to the beginning and end of 
the shock wave.  As shown in [2], conditions (1.2)-(1.5) a r e  suff ic ient  in o r d e r  fo r  the s y s t e m  G(p, v )=H(p ,  v )=  
O, o l - f i = O  to have two and only two solut ions:  1) v0, P0, o r  "beginning of shock";  2) v 1, Pl, o r  "end of shock."  
To solve the p r o b l e m  of the s h o c k - p r o f i l e  s t r u c t u r e  it is  sufficient  to indicate  a unique solution (2.3) pass ing  
through the equi l ibr ium points  co r respond ing  to the beginning and end of the shock wave.  

w  S t r u c t u r e  o f  E q u i l i b r i u m  P o i n t s  

To ana lyze  the type of equ i l ib r ium posi t ions  of the s y s t e m  (2.3) we wri te  the app rop r i a t e  equations in 
va r i a t ions .  Putting 5 v = v - v i ,  6 ~ = ~ - ~ i ,  6 S= S - S i ,  6 f l = f l - f l i ,  we obtain 

8 H  = T 6 S  - -  vG&z - -  2v(G ~- p(E~ - -  Ei3))813; 
5G = p2(w2v2 - -  c2)~v - -  29g8{~ -- p E ~ s S S ,  

F r o m  this  r e s u l t  we deduce (since ~ S=0 at  the equi l ib r ium posit ions)  the equations in whe re  g=  E ~ f l - - E ~ .  
va r i a t ions  

[ --~-- = p~ (v w - c ~) ~v - -  2pg6{~, 
(3.1) 

The va lues  of the coeff ic ients  (3.1) a r e  computed a t  the equi l ibr ium points  of  the s y s t e m  (2.3). The 
c h a r a c t e r i s t i c  de t e rminan t  of the s y s t e m  (3.1) has  the fo rm 

3 p ~  ~ -{- 3(t - -  ~*(w~v 2 - -  c2))~ -4- 2g 9 - -  3p~(v~w ~ - -  c a) = 0. (3.2) 

The e igenvalues  of Eq. (3.2) a r e  r e a l  and dis t inct ,  because  the d i sc r iminan t  

A = 9(i + ~*(v2w 2 - -  c~)) ~ - -  24~*g > 0 
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and g = h ]:=~ < 0 on the bas i s  of  (1.4). The produc t  and sum of k i and ~ 2 a r e  given by the re la t ions  

XI~_ : (9~/T* )(a 2 - -  v2w~); ~1 ~- ~- = 9( v~w~ - -  c2 - -  i/~*). (3.3) 

The e igenvalues  k 1 and k 2 co r re spond  to the e igenvectors  

5S~ = O, [p2(v2w~--c ~ ) - k ~ ] S v ~ - 2 9 g S ~  = 0 ,  i = l ,  2, 

which co r r e spond  in tu rn  to the s e p a r a t r i c e s  of the equi l ibr ium posi t ions .  The sma l l  v i scos i ty /z  co r responds  
to l a rge  values  of the quanti ty �9 * = 7/# and to sma l l  values  of/z* = # / ~ ' .  The a sympto t i c  r ep resen ta t ion  of the 
e igenvalues  and co r re spond ing  e igenvec to r s  for  sma l l  #* has the fo rm 

where  

to2u 2 - -  c s 

O(a --v~w~) , 
~ 2 ~  A2 ~ ~ ; 

681 OO ~A~t* ~Vl, 6~2eO 92 (VZw~ --2pgC~) -- A2p,* 6Us, 

(3.4) 

a~ + c~ - -  2v2w~ (3.5) 
A = p c~ - -  v~w~ " 

The foregoing a sympto t i c  e x p r e s s i o n  enables  us to invest igate  the s t ruc tu re  of  the equi l ib r ium posit ions.  

1. Ini t ial  Point .  F o r  a =/3 the quanti ty a 2 r e p r e s e n t s  the propaga t ion  veloci ty  of sma l l  volume waves.  
We cons ider  only shock propaga t ion  ve loc i t i e s  for  which w2v02 >a~ ,  i .e.,  shocks  moving with ve loc i t ies  g r e a t e r  

the preshock volume velocity of sound. It fol lows from (3.3) in case that ~ < 0, i .e . ,  the 
ini t ial  point  is  a saddle point; the s u p e r s c r i p t  (0) denotes  the init ial  point of the shock a n d  the s u p e r s c r i p t  (!) 
the end point of  the shock. The s e p a r a t r i c e s  of the saddle point a r e  given by (3.5) for sma l l  #.  Var ia t ion of 
the p a r a m e t e r  } in the d i rec t ion  f r o m - o o  to + ~r co r r e sponds  in the phase  plane of the s y s t e m  (2.3) to motion 
along the curve  desc r ib ing  the shock prof i le ,  f r o m  the beginning of the la t te r  to the end. Consequently,  only a 
"depar t ing"  s e p a r a t r i x  of the ini t ial  point can co r re spond  to a r ea l  shock. We infer  f r o m  (3.4) that  the r e -  

qu i red  separatrix in the subsonic case (w2~ - c02 < 0) is an integral curve with slope 68 = v0 ~0 6v 
2P0g0 

a o -}- c o ~ 2VoW 
and in the supersonic ease (wZvo z- 4 > 0) is an integral curve with slope 66---- ~*. ~ 2 z , ~ 6v. The rate of 

motion along the curves near the equilibrium position in this case is characterized by the factor e A'"*~ in the 
subsonic case and eAi~ in the supersonic. 

2. End Point. The equations G(p, v)=H(p, v)=0, ~ =/3 describing the equilibriu~ positions in the phase 
plane of the system (2.3) represent the customary shock relations for the gasdynamic equations, because the 
condition a =/3 implies that the stresses Crx, (ry, ffz before and after the shock are equal. It has been shown [2] 
that conditions (1.2)-(1.5) are sufficient in order for the condition 2 2 w2vl-ai< 0 to be satisfied at the end point 

of the shock, i.e., for the postshock regime to be subsonic. This means that ~i) < 0 and A (1) < 0 at the end 
point, Le., the singularity represents an accumulation point, and so "arrival" at the end point takes place along 
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al l  in tegra l  curves  as  ~-*+ ~o. Here  the s epa ra t r i x  of the accumulat ion point (at which is tangent an infinite 
se t  of in tegra l  curves)  is  the curve  corresponding to the value X~(t) ~ [p~(a~-v~vr ~) (wZv~ - c])] # * and having 
the  s lope  ={ [0  * 1/2  

w  E x i s t e n c e  o f  a S o l u t i o n  

To demons t ra te  the exis tence  of an in tegra l  curve connecting the equi l ibr ium points of the sys tem (2.3) 
i t  is n e c e s s a r y  to cons t ruc t  in the phase plane of  the sy s t em  [which can be the (a,  fl ) plane] a domain ~2 such 
that  both equi l ibr ium points l ie on its boundary; in tegra l  curves  of the sy s t em  (2.3) can only a r r i v e  at  it; 
and, finally, i t  contains one of the branches  of the s epa ra t r i x  of the initial  point 5 0 =rio, corresponding to 
depar tu re  f rom the saddle point. 

The  domain ~ is cons t ruc ted  d i f ferent ly  for  the subsonic (w2v20-c~ < 0) and superson ic  (wZv~-c~> 0) 
cases .  F o r  i ts  construct ion we examine the curve  given by the equation H(p, v)= G(p, v) = 0. 

Following [1, 2], we r e f e r  to this construct ion as  the curve of poss ible  s ta tes .  I t  is  shown in [2] that 
when conditions (1.2)-(1.5) a r e  sat isf ied,  the curve  of poss ible  s ta tes  has the fo rm ~ =~(v),  fl=fl (v) in the 
(~, t )  plane for  vl-<v-<v0 in the subsonic case  and for vl-<v-<v2 in the supersonic  case. Here  the inequali ty 
v2< v 0 co r re sponds  to the point  of in t e r sec t ion  (~z, tic) of the curve  of poss ible  s ta tes  with the line fl =[3 0 in 
the (~, fl ) plane (Figs. 1 and 2). 

F o r  w2v02-c~< 0 the domain ~2 is  bounded+by the curve  of possible s ta tes  and the line ~=fl (curves 1 and 
2 in Fig. 1), and for w 2 ~ - c ~ > 0  by the curve  of poss ible  s ta tes  and the lines ol=[3 and ;3 =rio (curves  1-3 in 
Fig. 2). As shown in [2], the re la t ive  posi t ions of  the curves  bounding ~ a re  as  given in Figs.  1 and 2. We 
now show that the in tegra l  curves  of the sys t em (2.3) can only en te r  ~. The curve of poss ible  s ta tes  is 
r e p r e s e n t e d  in the regions  in quest ion by a function of the p a r a m e t e r  v, and so, since v=v~ ~ + z/~, it  is t r a n s -  
v e r s a l  to the field of l ines ~+ 2[3 = const in those regions .  Moreover ,  in the region where the curve of possible 
s ta tes  is the boundary of ~, it  is  si tuated in the half -plane [3 > ~, whereupon it follows f rom (2.3) that dfi/d~ > 0 
a t  curves  1 in Figs.  1 and 2. Hence, as  ~ i nc rea se s ,  the integral  curves  can in te r sec t  curves  1 in Figs.  1 and 2 
only on enter ing ~2. At curves  2 (Figs.  1 and 2) we have fl = ~ and G(p, v) < 0 if  H(p, v) = 0. F r o m  this r e su l t  
and f r om (2.3) we infer  that dfi/d~ =0 and dv/d~ =do~/d~ < 0 at cu rves  2; i .e . ,  the in tegra l  curves  can only en te r  
~2 via the boundary ~ = p  of  ~2. F o r  superson ic  shock veloci t ies  the boundary of ~2 includes the line fl=flo (curve 
3 in Fig. 2). Inasmuch as  ~2 is s i tuated in the plane fl >~ ,  we have dfl/d~ < 0 along fl=flo, implying that the 
solutions of (2.3) en te r  ~2 via this boundary as  well.  

F o r  an in tegral  curve  pass ing through the s ingular  point (rio, v0) to en ter  the domain ~ i t  is neces sa ry  
that it  have,  a t  (rio, v0) a slope 6f l /6v  sat isfying the inequali t ies  

P0/3 ~ ~-  o ~< Po 2ho 

As the expansions (3.4) and (3.5) imply,  inequal i t ies  of  this  type a r e  sa t isf ied for wZv 2 -  c~ > 0 by the saddle-  

point s epa ra t r i x  )corresponding t e ~ 0 _  the eigenvalue ~(:), and for  w2v~-c02< 0 by the s epa ra t r i x  corresponding to 

the eigenvalue T h u s ,  fo r  smal l  values  of/~* 

x,,~,+, j t  +2 _ ,@+. 

+o ( + + -  +++o 

< ( - - _ co + P+* + 
- -  2 h  0 ' 

if a~< vo2u,~<e~. 

Consequently,  the r equ i r ed  solution is that s epa ra t r i x  of the saddle point (rio, v0) which, s tar t ing  at  the 
initial  point, en te r s  the domain ~2 (see Figs .  i and 2) and by the foregoing considerat ions  cannot depar t  f rom 
~2. Inasmuch as  ~2 does not contain any singular  points,  the sepa ra t r ix  of the saddle point must  t e rmina te  at 

(~t, v0.  

w 5 .  A s y m p t o t i c  B e h a v i o r  o f  t h e  S o l u t i o n  a s  /~ --* 0 

I t  has  been shown [2] that  conditions (1.1)-(1.5) embody a unique (possibly discontinuous) solution of the 
boundary-value  p rob lem 
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H E - -  E o -}- (v - -  vo) (Po - -  w~ = T (v - wo)) = 0, 

G = p - -  Po + w~ (v - -  re) -- 0, 3tv -~x = ~ - -  [3, 
(5.1) 

p a s s i n g  th rough  the poin ts  (v0, P0) and (vl, Pt) a s  x -*  :~ ~. The  s y s t e m  (5.1) i s  obtained f r o m  (2.3) by p a s s i n g  
to  the l imi t  #--*0, in which  case  (2.3) i s  a s i n g u l a r l y  p e r t u r b e d  s y s t e m  for  (5.1). We show that  the so lu~on of  
(5.1) is  the l imi t ,  in an  a p p r o p r i a t e  s ense ,  f o r  the solut ion of  (2.3) c o n s t r u c t e d  in the p r e c e d i n g  sec t ions .  The 
fo l lowing u p p e r  bound is ob ta ined  p r e c i s e l y  as/~ --~ 0 for  any  8 > 0: 

max I v (6, Ix) - -  v (6, 0) I ~ e--{AV~)~IV (60, ~) -- V (6o, O) [. 

We c o n s i d e r  the d i f f e rence  Av(f l , /~  ) = v ( f l , / z ) - v (  fl, 0) be tween the solut ions  o f  the b o u n d a r y - v a l u e  p r o b -  
l e m s  (2.3) and (5.1), which s a t i s f i e s  the l i n e a r  d i f fe ren t ia l  equat ion  

in which F(v,  f~) is g iven in the  f o r m  of  am i m p l i c i t  funct ion:  

F (v, 6) = p - p~ + w'~ (~ - v0) 3w, H ----- 0, 

and i ts  de r iva t i ve ,  eva lua ted  a t  the  solut ion o f  the unpe r tu rbed  p r o b l e m  v =v(  fl ,  0), has  the f o r m  

~=v{~,0) - -  rv-- E~s(v o - -  v) ~- -  ~ ~=~{~.0) ~ 

AS shown in  [2], in the in te rva l  fl i-<fl -<fl 0 the solut ion v = v ( f l ,  0) obeys  the inequal i t ies  

u, ~ -9~c  ~ > 0 ,  v o - - v > O ,  ~ - - ~ > 0 ,  

and,  s ince  E a s  < 0 [cf. (1.3)], (OF)/(OV)v =v(p,  0) > 0 at  (B i, B0)- Denot ing A'- = rain (0ff~ , we obtain 
~,<~<f~, \ av ]v=v{~,o) 

dAv/dfl  > - (A2//~)Av. In t eg ra t i ng  the inequal i ty  between the l imi ts  (fl, rio) with r e g a r d  for  the fact  tha t  dfl< 0, we 
obtain 

o r  max Ihv[ ~IAvI~=~o e-a~/~ fo r  any a > 0. 

The  fo rego ing  e s t i m a t e s  show that  the in t roduct ion  of  the e n e r g y  d i s s ipa t ion  m e c h a n i s m  with sma l l  (of 
o c d e r  #) i n t e rna l  f r i c t ion  has  the ef fec t  o f  s m e a r i n g  e l a s t i c  (i .e. ,  c h a r a c t e r i z e d  by the condi t ion fl= const) d i s -  
cont inui t ies  on the shock  p r o f i l e s  by an amount  of  o r d e r  # ,  t he reby  jus t i fy ing  the  r e l a t i o n s  adopted in [1] a t  
those  dis  cont inui t ies .  
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